In this paper we mainly study the homological properties of dual modules over k-Gorenstein rings. For a right quasi k-Gorenstein ring , we show that the right self-injective dimension of is at most k if and only if each M ∈ mod satisfying the condition that Ext i (M, ) = 0 for any 1 ≤ i ≤ k is reflexive. For an ∞-Gorenstein ring, we show that the big and small finitistic dimensions and the self-injective dimension of are identical. In addition, we show that if is a left quasi ∞-Gorenstein ring and M ∈ mod with gradeM finite, then Ext i (Ext
that is called a k-Gorenstein ring if fd I i ≤ i for any 0 ≤ i ≤ k − 1, and is called an ∞-Gorenstein ring if it is k-Gorenstein for all k. Auslander gave some equivalent characterizations of k-Gorenstein rings in terms of the strong grade and the flat dimension of injective modules as follows.
Auslander's Theorem [11, Theorem 3.7] The following statements are equivalent.
is a k-Gorenstein ring. The Auslander's theorem shows that the notion of k-Gorenstein rings is left-right symmetric. The properties of k-Gorenstein rings and related rings have been studied by many authors (see [1, 4, 5, 8-11, 16, 17, 19, 20, 24-26, 29] , and so on). In this paper we mainly investigate the homological properties of dual modules over k-Gorenstein rings and related rings.
It was showed in [21, Theorem 2.2] that if id op ≤ k, then each M ∈ mod satisfying the condition that Ext i (M, ) = 0 for any 1 ≤ i ≤ k is reflexive. In Section 2, we show that the converse of this result holds true for right quasi k-Gorenstein rings (see Section 2 for the definition of such rings). It was showed in [22] that the big and small finitistic dimensions of are usually different even when is an Artinian algebra. The other aim of Section 2 is to show that for a (k + 1)-Gorenstein ring , the small finitistic dimension of is at most k if and only if id ≤ k, which yields that for an ∞-Gorenstein ring , the big and small finitistic dimensions of and id are identical. As a consequence, we get some equivalent versions of the Nakayama conjecture.
In Section 3, we get some properties of the grade of modules over quasi ∞-Gorenstein rings. We prove that if is a left quasi ∞-Gorenstein ring and M ∈ mod with gradeM finite, then ( , ) give a duality between {M ∈ mod |gradeM = t} and {N ∈ mod op |gradeN = t}. This generalizes a result of Iwanaga in [24] . In Section 4, we give a criterion for judging when a finitely generated torsionless module is reflexive. As a consequence of this criterion, we prove that for a 2-Gorenstein ring , a non-zero proper left ideal I of is reflexive if and only if /I has no non-zero pseudo-null submodule. This generalizes a result of Coates, Schneider and Sujatha in [10] . We also study the following question: For a positive integer k, when is each k-torsionfree module in mod projective? We prove that the answer to this question is affirmative if gl.dim (the global dimension of ) is at most k.
Reflexive Modules and Homological Dimensions
Lemma 2. 1 The following statements are equivalent for a positive integer k.
Proof By [5, Remark A k-Gorenstein ring clearly is a left and right quasi k-Gorenstein ring. However, the interesting property of the left-right symmetry enjoyed by kGorenstein rings fails for quasi k-Gorenstein rings (see [17] ).
Let M ∈ mod and k a positive integer. Recall from [14] that the reduced grade of M, denoted by r.gradeM, is said to be at least k if Ext j (M, ) = 0 for Before proving this theorem, we recall some notions from [3] and [28] . Let M ∈ mod and D be a full subcategory of mod . [3] ). Let X ∈ mod and Y ∈ mod op . A monomorphism X positive integer k, a torsionless module T k ∈ mod is said to be of D-class k if it can be fitted into a sequence of k − 1 exact sequences of the form:
where each P i ∈ mod is projective and the horizontal monomorphisms are double dual embeddings. Any torsionless module in mod is said to be of D-class 1 (see [28] Recall that the big f initistic dimension of , denoted by Fin.dim , is defined to be sup{pd M|M is a left -module with pd M < ∞}; and the small f initistic dimension of , denoted by fin.dim , is defined to be sup{pd M|M ∈ mod with pd M < ∞}. According to [22] , the big and small finitistic dimensions are not identical in general even for Artinian algebras. The other aim of this section is to show that for an ∞-Gorenstein ring , these two dimensions and id are identical. As an application of this result, we get some equivalent versions of the Nakayama conjecture.
We begin with the following easy observation.
Lemma 2.10
Let M ∈ mod with r.gradeM
Proof Consider the projective resolution of M in mod . Then we get easily the assertion. [7, Proposition 4.3] fin.dim ≤Fin.dim ≤id .
Lemma 2.11
Let M ∈ mod and k a positive integer. Recall that M is called a k-syzygy module if there exists an exact sequence 0 → M → Q 0 → Q 1 → · · · → Q k−1 in mod with all Q i projective. On the other hand, assume that
is a projective presentation of M in mod . Then we get an exact sequence: [1] ). We remark that the transpose of M depends on the choice of the projective resolution of M, but it is unique up to projective equivalence. So the notions of k-torsionfree modules and ∞-torsionfree modules are well defined.
Lemma 2.12 [1, Proposition 2.6] Let M ∈ mod . Then we have the following exact sequences:
It follows from Lemma 2.12 that a module in mod is torsionless (resp. reflexive) if and only if it is 1-torsionfree (resp. 2-torsionfree). The following observation is well known, which is an immediate consequence of Lemma 2.12.
Proposition 2.13 A module M in mod is projective if and only if Tr
Proof The necessity is trivial, so it suffices to prove the sufficiency. Let M ∈ mod with Tr M projective. Then M * is projective. So by Lemma 2.12 we have that σ M is an isomorphism and M( ∼ = M * * ) is projective.
Lemma 2.14 Consider the following conditions. 
Theorem 2.15 Let k be a non-negative integer and a (k + 1)-Gorenstein ring with
Proof The case for k = 0 follows from Lemma 2.14. Now suppose that k ≥ 1 and M is any module in mod . Since is
Notice that a k-syzygy module is k-torsionfree by [5, Proposition 1.6] , so N k is k-torsionfree and r.gradeTr N k ≥ k + 1. On the other hand, we have the following exact sequence: For any positive integer n, Huisgen-Zimmermann showed in [22] that there exists a finite-dimensional monomial relation algebra with J 4 = 0 (where J is the Jacobson radical of ) such that fin.dim = n + 1 and Fin.dim = n + 2. In [ Recall that is said to have dominant dimension at least k if each I i is flat for any
The following are some important homological conjectures in representation theory of algebras.
Nakayama Conjecture (NC) [31] : An Artinian algebra is self-injective if has infinite dominant dimension.
It is easy to see that the Nakayama conjecture is a special case of the following conjecture.
Auslander-Reiten Conjecture (ARC) [4] : An ∞-Gorenstein Artinian algebra has finite left and right self-injective dimensions.
Finitistic Dimension Conjecture (FDC) [6, 22] : fin.dim is finite for an Artinian algebra .
It follows from Corollary 2.18 that ARC and FDC are equivalent for ∞-Gorenstein Artinian algebras. So we get the following implications: FDC⇒ARC⇒ NC. Furthermore, we get some equivalent versions of NC as follows. (6) ⇒ (4) Assume that S ∈ mod is a simple module. Then gradeS < ∞ by (6). Put K i =Ker(I i → I i+1 ) for any i ≥ 0. Then we get an exact sequence:
for any i ≥ 0. Since has infinite dominant dimension, I i is projective for any i ≥ 0. We claim that S * = 0. Otherwise, if S * = 0, then Hom (S, I i ) = 0 and Hom (S, K i ) = 0 for any i ≥ 0. Then by the exactness of the above sequence, we get that Ext i (S, ) = 0 for any i ≥ 0, which contradicts the fact that gradeS < ∞. The claim is proved. Now assume that L is a maximal left ideal of . Then /L ∈ mod is a simple module. By [6, (4.1)], we have that the right annihilator of L is isomorphic to ( /L) * , which is non-zero by the above claim.
The generalized Nakayama conjecture (GNC), posed by Auslander and Reiten in [2] , has an equivalent version as follows: Over an Artinian algebra , gradeS < ∞ for any simple module S ∈ mod . It is well known that GNC⇒NC (see [2] ). Corollary 2.19 not only gives another proof of this implication, but also shows that in order to verify NC it suffices to verify GNC for Artinian algebras with infinite dominant dimension.
Some Properties of Grade of Modules
In this section, we study the properties of grade of modules over quasi ∞-Gorenstein rings. We begin with the following lemma. 
The following is the main result in this section. 
be a projective resolution of M in mod . Put t =gradeM and X i =Coker f * i for any i ≥ 1.
If 
in mod op , which implies pd op X t ≤ t and induces an exact sequence: 
Put Y t =Im(X t → P * t+1 ). Notice that gradeExt t (M, ) ≥ t by Lemma 2.1, we then get an exact sequence:
and the isomorphisms: So, from the exact sequence (3), we get an exact sequence:
and an isomorphism: A module M ∈ mod is called pure if gradeX =gradeM for any non-zero submodule X of M (see [8] ). We use C n to denote the full subcategory of mod consisting of the modules M with Hom (M, n i=0 I i ) = 0 (see [10] ). In the following, we give some further properties of grade of modules. Let 0 → M 1 → M 2 → M 3 → 0 be an exact sequence in mod . In general, we have gradeM 2 ≥ min{gradeM 1 , gradeM 3 }. Björk showed in [8, Proposition 1.8] that the equality holds true if is an Auslander-Gorenstein ring. The following result shows that the assumption " is Gorenstein" is not necessary for this Björk's result.
It follows that gradeExt
i op (Ext t (M, ), ) =gradeExt i+2 op (X t+1 , ) ≥ i + 1 for any i ≥ t + 1. Then Ext i (Ext i op (Ext t (M, ), ), ) = 0 for any i ≥ t + 1. On the other hand, since gradeExt t (M, ) ≥ t, Ext i op (Ext t (M, ), ) = 0 for any 0 ≤ i ≤ t − 1.
Lemma 3.7 Let be an Auslander-Gorenstein ring and k a positive integer. Then the following statements are equivalent for a module M ∈ mod with
gradeM = k. (1) M is pure. (2) M ∈ C k−1 \ C k . (3) Ext i op (Ext i (M, ), ) = 0 for every i = k. Proof (1) ⇔ (3) See [8,
Proposition 3.9 Let be an ∞-Gorenstein ring and 0
Proof It suffices to prove gradeM 2 ≤min{gradeM 1 , gradeM 3 }. Put n =min{gradeM 1 , gradeM 3 }. Without loss of generality, suppose n < ∞. We proceed in three cases.
Case I Assume that n =gradeM 1 =gradeM 3 .
Consider the following exact sequence:
Case II Assume that n =gradeM 3 <gradeM 1 .
Case III Assume that n =gradeM 1 <gradeM 3 . Consider the following exact sequence:
Since is an ∞-Gorenstein ring, gradeExt n (M 1 , ) ≥ n + 1. By Lemma 3.1, we have that gradeM 1 ≥ n + 1, which is a contradiction. So Ext n (M 2 , ) = 0 and gradeM 2 ≤ n. 
Proof Consider the following commutative diagram with exact columns and rows:
where all F i and G i are projective in mod . Then we get the following commutative diagram with exact columns and rows:
It follows from the snake lemma that 0 → M *
, which yield two long exact sequences:
for any i ≥ 0.
If M 2 ∈ T k+1 (mod ) and M 3 ∈ T k (mod ), then r.gradeTr M 2 ≥ k + 2 and r.gradeTr M 3 ≥ k + 1. Because gradeC ≥ k by assumption, from the above two long exact sequences we get that r.gradeK ≥ k + 1 and Ext
This finishes the proof of (1) . Similarly, we get (2) and (3).
We end this section by giving some examples of rings satisfying the grade condition "gradeC ≥ k" in Proposition 3.10. 
Torsionless and Reflexive Modules
Let A ∈ mod be a torsionless module. Then A can be embedded into a finitely generated free -module G. We use E A to denote the subcategory of mod consisting of the non-zero modules C such that there exists an exact sequence 0 → A → G → C → 0 in mod with G free.
Proposition 4.1 If is a right quasi k-Gorenstein ring, then, for any t-torsionfree module A ∈ mod
(where 1 ≤ t ≤ k) and C ∈ E A , there exists an exact sequence 0 → F → T → C → 0 in mod with F free and T (t − 1)-torsionfree.
Proof Because is a right quasi k-Gorenstein ring, we have that for any 1 ≤ t ≤ k, a module in mod is t-torsionfree if and only if it is t-syzygy by [5, Proposition 1.6 and Theorem 1.7] . So for a t-torsionfree module A ∈ mod , there exists an exact sequence 0 → A → F → K → 0 in mod with F free and K (t − 1)-torsionfree. Let C ∈ E A . Then there exists an exact sequence 0 → A → G → C → 0 in mod with G free. Consider the following push-out diagram: 
Then the assertion follows. (3) Note that A * * /A ∼ =CokerσA is pseudo-null by (1) and that A * * /A is isomorphic to a submodule of C by (2) . So A * * /A = 0 by assumption and hence A ∼ = A * * and A is reflexive.
We now give a criterion for judging when a torsionless module is reflexive. (1) ⇒ (2) Assume that A ∈ mod is reflexive. Then, by Proposition 4.1, for any C ∈ E A , there exists an exact sequence 0 → F → T → C → 0 in mod with F free and T torsionless. By [29, Corollary 1.3] , it is easy to see that C can be embedded into a finite direct sum of I 0 I 1 and so C has no non-zero pseudo-null submodule.
Let be an Auslander-Gorenstein ring and I a non-zero proper left ideal of . Then, by Lemma 3.7, we have that /I has no non-zero pseudo-null submodule if and only if /I is pure of grade 1. It was showed in [10, Lemma 4.12] that if is an Auslander-regular ring (that is, is an ∞-Gorenstein ring with finite global dimension) without non-zero zero divisors, then I is reflexive if and only if /I is pure of grade 1. The following corollary generalizes this result, which is an immediate consequence of Theorem 4.3.
Corollary 4.4 Let be a 2-Gorenstein ring. Then a non-zero proper left ideal I of is ref lexive if and only if /I has no non-zero pseudo-null submodule.
Recall from [12] that a right -module M is said to have an injective resolution with a redundant image from a positive integer n if the n-th cosyzygy n has a decomposition n = i∈I A i such that each A i is a direct summand of a cosyzygy αi for some α i = n. It was showed in [12 Ramras raised in [13, p.380 ] an open question: When is each reflexive module in mod projective? A generalized version of this question is: For a positive integer k, when is each k-torsionfree module in mod projective? In the following, we will deal with these two questions and give some partial answers to them. (2) ⇒ (1) Let M ∈ mod be a k-torsionfree module. Then r.gradeTr M ≥ k + 1 and so Tr M is projective by (2) . It follows from Proposition 2.13 that M is projective.
It is well known that is a hereditary ring (that is, gl. Proof When k is a positive integer, it has been proved in Proposition 4.6. When k is infinite, the proof is similar to that of Proposition 4.6, so we omit it. 
